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1. INTRODUCTION AND RESULTS
Let f and g be two meromorphic functions on the whole complex plane,
and let a be a finite nonzero value. We say that f and g share the value a
CM provided that f a and g a have the same zeros counting multi-
plicities. Similarly, we say that f and g share a IM provided that f a
and g a have the same zeros ignoring multiplicities. It is well known that
if f and g share four distinct values CM, then f is a Mobius transforma-¨
 tion of g. Rubel and Yang 9 proved that if f is an entire function and
  shares two finite values CM, then f f . In 1986, Jank et al. 6 proved
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that for a nonconstant meromorphic function f , if f , f , and f  share a
finite nonzero value CM, then f f . This result suggests the following
question.
Ž  .Question 1 see 4, 5, 12 . Let f be a nonconstant meromorphic
Ž .function, let a be a finite nonzero constant, and let n and m nm be
positive integers. If f , f Ž n., and f Ž m. share a CM, then can we get the
result f f Ž n.?
 The following example 10 shows that the answer to the above question
is, in general, negative. Let n and m be positive integers satisfying
m n 1, and let b be a constant satisfying bn  bm  1. Set a bn
Ž . b z Ž n. Ž m.and f z  e  a 1. Then f , f , and f share the value a CM, and
f f Ž n..
However, when f is an entire function of finite order and m n 1,
the answer to Question 1 is still positive. In fact, Yang proved the
following theorem.
Ž  .THEOREM A see 11 . Let f be a nonconstant entire function of finite
order, let a 0 be a finite constant, and let n be a positie integer. If the
alue a is shared by f , f Ž n., and f Ž n1. IM and shared by f Ž n. and f Ž n1. CM,
then f f .
The following problem is then proposed by L. Z. Yang.
Ž  . Ž .Problem 1 see 11 . Let f z be an entire function of infinite order,
Ž . Ž n. Ž n1.and let a  0 be a finite value. If f , f , and f share the value a
CM, where n 2, then f f .
The purpose of this paper is to solve the above problem by proving the
following theorem.
Ž .THEOREM 1. Let f z be an entire function, let a be a finite nonzero
alue, and let n be a positie integer. If f , f Ž n., and f Ž n1. share the alue a
CM, then f f .
Related to Question 1, we also prove the following theorem.
Ž .THEOREM 2. Let f z be an entire function, let a be a finite nonzero
Ž .  Ž n.alue, and let n  2 be a positie integer. If f , f , and f share the alue a
CM, then f assumes the form
a 1 cŽ .
c zf z  be  ,Ž .
c
where b, c are nonzero constants and cn1  1.
We assume that the reader is familiar with the basic results and
Ž    .notations of Nevanlinna’s value distribution theory see 3 or 7 , such as
Ž . Ž . Ž . Ž .T r, f , N r, f , and m r, f . In the whole paper, the notation S r, f is
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Ž . Ž Ž ..defined to be any quantity satisfying S r, f  o T r, f as r , possi-
bly outside a set of finite linear measure.
2. SOME LEMMAS
In the proofs of the theorems, we shall use the following lemmas.
Ž  .LEMMA 1 see 3 . Let f be a meromorphic function, let n be a positie
n    integer, and let F be a function of the form F f Q f , where Q f is a
1Ž . Ž .differential polynomial in f with degree  	 n 1. If N r, f N r, Q F
Ž .S r, f , then
ng
F f ,ž /n
Ž . Ž .where g is a meromorphic function and T r, g  S r, f .
Ž    .LEMMA 2 Clunie 1 , Doeringer 2 . Let f be a nonconstant meromor-
   phic function and let Q f , Q f be differential polynomials in f with
 Q f  0. Let n
 and
n     f Q f Q f .
  Ž  . Ž .If the degree of Q f is not greater than n, then m r, Q f  S r, f .
Ž  .LEMMA 3 see 11 . Let f be a nonconstant entire function of finite order.
If f and f  share one finite alue a CM, then
f  a
 c
f a
for some constant c 0.
The following lemma is a corollary of Lemma 2.
Ž  . Ž . n  LEMMA 4 see 8 . Let   0 be an entire function. If   P   0,
 where P  is a differential polynomial in  with constant coefficients and
degree not exceeding n 1, then  is a constant.
3. THE PROOFS OF THE THEOREMS
Proof of Theorem 1. We distinguish two cases below.
Case 1. f Ž n. f Ž n1.. Since f , f Ž n., and f Ž n1. share the value a CM,
there exist two entire functions  and  such that
f Ž n.  a f Ž n1.  a
 e  and e  . 1Ž .
f a f a
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Set
f Ž n.  f Ž n1.
 . 2Ž .
f a
Ž . Ž .Then  is an entire function satisfying  0 and T r,   S r, f .
Obviously, we have e e  1. By the second fundamental theo-
rem, we deduce that
e e  1 e
T r , 	N r , N r , N r ,  S r ,
 ž / ž /ž / ž / ž /  e e  1 
e  e  e
N r , N r , N r ,  S r ,
ž /ž / ž /ž / e  
 S r , f .Ž .
Ž  . Ž . Ž  . Ž .Hence T r, e  S r, f . Similarly, we have T r, e  S r, f . Rewriting
Ž .  Ž . Ž n.the first equation in 1 as e f a  f  a and taking derivatives on
  Ž .   Ž n1.both sides of the equation gives  e f a  e f  f . This to-
Ž .gether with the second equation in 1 yields
f   f  , 3Ž .1 1
where   e    and   ae ae  a . Obviously,  and1 1 1
Ž . Ž . Ž . Ž . are entire functions satisfying T r,   S r, f and T r,   S r, f .1 1 1
Ž .From 3 and its derivatives we get
f Ž k .   f  4Ž .k k
for k 1, 2, . . . , where  and  are entire functions satisfying thek k
recurrence formulas
       ,       , 5Ž .k1 k 1 k k1 k 1 k
Ž . Ž . Ž .for k 2, 3, . . . . Certainly, we have T r,   S r, f and T r,  k k
Ž . Ž .S r, f for k 1, 2, . . . . From the equations in 1 , we can deduce that
Ž Ž .. Ž . Ž . Ž Ž .. Ž .m r, 1 f a  S r, f , and thus T r, f N r, 1 f a  S r, f .
Note that the multiplicities of all a-points of f are at most n. We have
Ž n. Ž n1.Ž . Ž Ž .. Ž .T r, f 	 nN r, 1 f a  S r, f . Since f , f , and f share the
value a CM, we see that the zeros of f a are the zeros of a    an n
and a    a. Therefore,n1 n1
a    a 0, 6Ž .n n
a    a 0. 7Ž .n1 n1
Ž .These two equations together with the equations in 1 yield
  e and   e .n n1
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Ž .If  is a constant, then from the first recurrence formula in 5 , we get1
   k, k 1, 2, . . . . Hence, e and e  are constants. Note that  k 1 1
a  ae . We see that  is also a constant. From the second recur-1 1
Ž . k1rence formula in 5 , we get     , k 1, 2, . . . . Hence the equa-k 1 1
Ž . Ž . n1Ž . nŽ .tions 6 and 7 become  a    a and  a    a,1 1 1 1 1 1
Ž . which lead to   1 and   0. Hence, from 3 , we get f  f , and thus1 1
f Ž n.  f Ž n1., which contradicts the assumption.
Ž .Suppose that  is not a constant. From the recurrence formulas in 5 ,1
we can deduce that
n n 1Ž .
n n2       P , 8Ž .n 1 1 1 n22
n 1 nŽ .
n1 n1       P , 9Ž .n1 1 1 1 n12
where P and P are differential polynomials in  with degree notn2 n1 1
Ž . Žgreater than n 2 and n 1, respectively. Note that N r,  N r,1
. Ž .1 N r, 1  0. By Lemma 1, there exist two entire functionsn n1
c and c such that1 2
n n1c c1 2
    and     , 10Ž .n 1 n1 1ž / ž /n n 1
Ž . Ž . Ž . Žand T r, c  T r, c  S r,  . Therefore   c n and   c  n1 2 1 1 1 1 2
. Ž . 1 have no zeros. If c n c  n 1 , then by the second fundamen-1 2
tal theorem, we have
1 1
T r ,  	N r , N r ,  S r , Ž . Ž .1 1ž / ž /  c n   c  n 1Ž .1 1 1 2
 S r ,  ,Ž .1
Ž . Ž .a contradiction. Hence c n c  n 1 . This and the equations in 101 2
lead to
 n1   n .n n1
Ž . Ž .The equations 8 and 9 can be rewritten as
n n 1 n 1Ž . Ž . 2 n1 nŽ n1. n n2      Q ,n 1 1 1 12
n n 1 nŽ . 2 n nŽ n1. n n2      Q ,n1 1 1 1 22
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where Q and Q are differential polynomials in  with constant coeffi-1 2 1
cients and degrees not greater than n2  n 2. Hence
n2  n 2 n n2  Q Q .1 1 1 22
Ž  . Ž .By using Lemma 2, we get m r,   S r,  , and thus1 1
T r ,    S r ,  . 11Ž . Ž . Ž .1 1
Ž . Ž .From the equations in 10 and the recurrence formulas in 5 , we get
n1c1         1 n1 n 1 nž /n
 nn1c c c1 1 1 n         .1 1 1 1ž / ž / ž /n n n
Therefore
n1 2c c c1 1 1     n  c   0.1 1 1 1 2ž / ž /n n n
Ž . Ž . Ž .From this and 11 , we still get the contradiction T r,   S r,  .1 1
Hence Case 1 cannot occur.
Ž n. Ž n1. Ž n.Ž . z Ž .Case 2. f  f . In this case, we have f z  ce and f z 
z Ž . Ž .ce  P z , where c is a nonzero constant and P z is a polynomial with
degree not greater than n. Let z , z , . . . , z be n distinct zeros of ce z a.1 2 n
Ž . Ž n.Ž .We have f z  f z  a, i 1, 2, . . . , n. Therefore z , z , . . . , z arei i 1 2 n
zeros of P. Hence, P 0, which implies that f f  and completes the
proof of Theorem 1.
Proof of Theorem 2. If f   f Ž n., then f is an entire function of finite
order. Since f and f  share a CM, by Lemma 3 there exists a nonzero
 Ž .constant c such that f  a c f a . Hence
a 1 cŽ .
c zf z  be  ,Ž .
c
a 1 cŽ .
Ž n. n c z nf z  bc e  c f ,Ž . ž /c
where b is a nonzero constant. Let z be a zero of bcnec z a. Then we0
Ž . Ž n.Ž .have f z  f z  a. From the above two equations we can deduce0 0
cn1  1 easily. Hence Theorem 2 holds in the case f   f Ž n..
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To complete the proof, in the following, we prove by arriving at a
contradiction that the case f  f Ž n. cannot occur.
Assume that f  f Ž n.. Since f , f , and f Ž n. share a CM, similar to the
proof of Theorem 1, we see that there exists an entire function  such
 Ž  . Ž . Ž  . Ž .  Ž that e  f  a  f a and T r, e  S r, f . Rewriting e  f 
. Ž .a  f a as
f  e f a ae 12Ž .
and taking the derivatives, we get
f Ž k .   f  , 13Ž .k k
k 1, 2, . . . , where   e,   a ae, and  ,  satisfy the recur-1 1 k k
Ž .rence formulas in 5 . Obviously,  and  are entire functions satisfyingk k
Ž . Ž . Ž . Ž .  Ž n.T r,   S r, f and T r,   S r, f . Since f , f , and f share ak k
CM, it follows from the above equations that all a-points of f are simple,
Ž . Ž Ž ..and are the zeros of a    a. Note that 12 implies N r, 1 f an n
Ž . S r, f . We obtain that a    a. On the other hand, from then n
Ž .recurrence formulas in 5 and by induction in the number k, we can prove
Ž  Ž k2..that a    a      , k 2, 3, . . . . Hence, wek k k1 k2 1
have
      Ž n2. 1. 14Ž .n1 n2 1
This can be expressed as
n1   Q   0,1 1
where Q is a differential polynomial in  with degree not greater than1
n 2. By Lemma 4, we conclude that  is a constant, and    k,1 k 1
Ž . n1k 1, 2, . . . . Hence Eq. 14 leads to   1. Therefore we have1
   and   a a  a a   , which imply that f Ž n. f .n 1 n n 1 1
This contradicts the assumption.
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